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TWISTED ALEXANDER POLYNOMIALS OF HYPERSURFACE COMPLEMENTS
KAIHO TOMMY WONG
Abstract. We prove that the acyclity assumption required in Cogolludo and Florens work on twisted
Alexander polynomials of plane curve complements, are generically satisfied. We then define twisted
Alexander polynomials of a complex hypersurface with arbitrary singularities. These generalize the
classical Alexander polynomials of high dimensional hypersurfaces and the twisted Alexander polynomial
of plane curves. We recover the classical torsionness and divisibility results, which say that, under
certain assumptions, the twisted Alexander modules of a complex hypersurface are torsion modules, and
that their orders divide the product of certain ‘local polynomials’ defined in terms of the topology at
singularities.
1. Introduction
The Alexander invariant was first defined by considering the first homology of the infinite cyclic cover
of the knot or link exterior as a module over the Laurent polynomial ring. It is a strong and useful knot
invariant both in practice and in theory ([26]).
Since any germ of a complex plane curve is given by a link pair, Libgober adopted the Alexander
invariant to the study of affine plane curve complements ([15]). He proved that the Alexander polynomial
of a plane curve complement divides the product of the Alexander polynomials of the link exteriors
associated to the singular points. Moreover, if the curve is transversal at infinity, then its Alexander
polynomial also divides the Alexander polynomial of the link pair at infinity given by the formula
(t− 1)(td − 1)d−2,
where d is the degree of the curve.
This was generalized to the case of complex hypersurface complements with only isolated singularities
by Libgober himself ([17]), and with non-isolated singularities by Maxim ([21]), and by Dimca and
Libgober ([6]). Recently in 2014, Liu also recovered similar divisibility results by using nearby cycles
([19]).
Cogolludo and Florens consider Alexander polynomials twisted by linear representations ([2]), which
are useful in the study of 3-manifolds. They improve Libgober’s divisibility result by providing an
equation, which will be referred to as the Cogolludo-Florens equation in this paper, and give some
applications of twisted Alexander polynomials. Their work assumes acyclicity of certain twisted chain
complexes.
In this paper, we will further investigate the twisted Alexander modules, and in particular, the terms
in the equation given in Cogolludo and Florens’s paper. Provided that a plane curve is transversal at
infinity, the twisted Alexander modules for the link pair at infinity, and certain local twisted Alexander
modules at singular points, are indeed torison. As a result, in many cases, the first twisted Alexander
module is torsion, giving us a well-defined polynomial invariant. Also, in many interesting cases, the
acyclicity assumption in Cogolludo and Florens’s paper can be discarded.
We also study twisted Alexander invariants for complex hypersurface complements with possibly non-
isolated singularities, focusing on the ones associated to the total linking number homomorphism. We
will show that these modules are again torsion over the Laurent polynomial ring in some range, depending
on the dimension of the ambient spaces. Divisibility results similar to those in the classical setting will
be proved using some classical topology of stratified spaces.
Finally, it is known that roots of classical Alexander polynomials are the roots of unity. We prove a
similar fact for twisted Alexander polynomials.
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2. Twisted chain complexes and Twisted Alexander Modules
2.1. Definitions. We recall the definitions of twisted chain complexes, twisted Alexander modules, and
twisted Alexander polynomials of path connected finite CW-complexes ([2],[13]).
Let X be a path-connected finite CW-complex with π = π1(X). Assume there is a group homomor-
phism
ε : π1(X)→ Z.
Let F be a field and consider a finite dimensional F-vector space V and a linear representation
ρ : π → GL(V).
Note that ε extends to an algebra homomorphism
ε : F[π]→ F[Z] ∼= F[t±1].
Let X˜ be the universal cover of X . The cellular chain complex C∗(X˜ ;F) is a complex of left F[π]-
modules, generated by the lifts of the cells of X . Take V as a 2-sided F[π]-module, with action for v ∈ V
and α ∈ π,
v · α = (ρ(α))(v)
and
α · v = (ρ(α))−1(v).
Also consider the right F[π]-module F[t±1]⊗ V, where the action is induced by ε⊗ ρ:
(p⊗ v) · α = ptε(α) ⊗ v · α = ptε(α) ⊗ ρ(α)v, α ∈ π.
Let the chain complex of (X, ε, ρ) be defined as the complex of F[t±1]-modules:
Cε,ρ∗ (X,F[t
±1]) = (F[t±1]⊗ V)⊗F[pi] C∗(X˜ ;F),
where the action is given by
tn((p⊗ v) · c) = (tn · p⊗ v) · c.
It is complex of free modules. A basis is given by elements of the form 1 ⊗ ei ⊗ ck, where {ei} is a
basis of V and {ck} is a basis of the F[π] module C∗(X˜;F), obtained by lifting cells of X .
Definition 2.1. The twisted Alexander module Hε,ρ∗ (X,F[t
±1]) of the triple (X, ε, ρ) over the group ring
F[t±1] is defined to be the homology of the twisted chain complex H∗(C
ε,ρ
∗ (X,F[t
±1])) with the induced
F[t±1]-action.
These modules are homotopy invariants. Theorem 2.1 from [13] gives the following equivalent definition
of the twisted complex of (X, ε, ρ). Suppose X∞ is the infinite cyclic cover of X associated to π
′, where
π′ is the kernel of ε. Then the chain complex
C∗(X∞;Vρ) := V⊗F[pi′] C∗(X˜),
considered as a F[t±1]-module, is isomorphic to Cε,ρ∗ (X,F[t
±1]). The action in the module C∗(X∞;Vρ)
is given by tn · (v ⊗ c) = v · γ−n ⊗ γnc, where γ is an element in π such that ε(γ) = 1.
Note that if ε is surjective, then X∞ is connected. Otherwise, there is a bijection between the set of
path connected component of X∞ and cardinality of the cokernel of ε.
Denote by F(t) the field of fractions of F[t±1], and define
Cε,ρ∗ (X,F(t)) = C
ε,ρ
∗ (X ;F[t
±1])⊗ F(t).
(X, ε, ρ) is called acyclic if the chain complex Cε,ρ∗ (X,F(t)) is acyclic over F(t). Since F[t
±1] is a principal
ideal domain, F(t) is flat over F[t±1]. So, (X, ε, ρ) is acyclic if and only if Hε,ρ∗ (X,F[t±1]) are torsion over
F[t±1]. Because F[t±1] is a principal ideal domain, Hε,ρ∗ (X,F[t
±1]) has a decomposition of free part and
torsion part.
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Definition 2.2. The order of the torsion part of Hε,ρi (X,F[t
±1]) is called the i-th twisted Alexander
polynomial of (X, ε, ρ), and is denoted by ∆ε,ρi,X(t).
These twisted Alexander polynomials are defined up to units in F[t±1].
The following proposition says that in the ‘usual’ situation, for instance, if the infinite cyclic cover X∞
is connected, then the 0-th twisted Alexander module is torsion.
Proposition 2.3. [13] If ε is non-trivial, then Hε,ρ0 (X,F[t
±1]) is torsion over F[t±1].
See [27] for examples in the case of knots. Here are two other important examples.
2.2. Generalized Hopf link. Let K be the generalized Hopf link in S3, that is, the link with d ≥ 2
components and linking number one for each pair of components. We calculate the twisted Alexander
polynomials of the link exterior S3 \K.
Lemma 2.4. If V ⊂ Cn is a reduced hypersurface defined by a homogeneous polynomial and having a
hyperplane as one of its components, then the restriction of the Hopf bundle
Cn \ V → Pn−1 \ [V ]
is trivial.
Proof. Let H be a hyperplane component of V . Then the Hopf bundle
Cn \H → Pn−1 \ [H ] ∼= Cn−1
is trivial, in particular any of its restrictions are trivial. 
Proposition 2.5.
π1(S
3 \K) ∼= Z× Fd−1 ∼=< x0, x1, ..., xd−1|x0xix
−1
0 x
−1
i , i = 1, ..., d− 1 > .
Proof. There are two proofs. Both use the fact ([15]), that S3 \ K is homotopy equivalent to the link
exterior of the singularity xd = yd ⊂ C2. Let W := C2 \ A, where A is the central line arrangement of d
lines. Then S3 \K ≃ C2 \ A.
By p.117 in [8], the fundamental group is computed directly using Van-Kampen theorem,
π1(S
3 \K) ∼= π1(W ) =< x0, x1, ..., xd|xdxd−1 · · ·x1x
−1
0 , x0xix
−1
0 x
−1
i , i = 1, ..., d > .
So, π1(S
3 \K) ∼=< x0, x1, ..., xd−1|x0xix
−1
0 x
−1
i , i = 1, ..., d− 1 >.
The second proof uses the previous lemma on W . We have
W ∼= C∗ × (P1 \ { d points}).
Hence, S3 \K ≃ S1 × (∨d−1S1), which gives the desired presentation of the fundamental group.

Remark 2.6. [8] show that the generators x1, ..., xd in the presentation
< x0, x1, ..., xd|xdxd−1 · · ·x1x
−1
0 , x0xix
−1
0 x
−1
i , i = 1, ..., d >
are given by meridians around the d lines in A.
Remark 2.7. Note that W is a minimal space with 0-th, 1-st, and 2-nd integral homology being Z, Zd,
and Zd−1 respectively. So, the minimal CW-complex structure of W is given by S1 × (∨d−1S1).
Part of the following theorem recalls lemma 5.1 in [3] with our convention described in this paper of
twisted Alexander polynomials.
Theorem 2.8. Let
ε : π1(S
3 \K)→ Z
be an epimorphism with
ε(x0) 6= 0
and
ρ : π1(S
3 \K)→ GL(V) = GLr(F)
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be a linear representation.
Then
• Hε,ρi (S
3 \K,F[t±1]) are torsion over F[t±1] for all i ≥ 0.
• Hε,ρi (S
3 \K,F[t±1]) = 0 for i ≥ 2.
• ∆ε,ρ0 is the greatest common divisor of the r × r minors of the column matrix formed by
ρ(xi)t
ε(xi) − Id,
where i = 0, ..., d− 1.
• ∆ε,ρ1 /∆
ε,ρ
0 = (det(ρ(x0)t
ε(x0) − Id))d−2.
Proof. We use Fox calculus ([11], [13]) and theorem 4.1 in [13]. Since ε is onto, Hε,ρ0 (S
3 \K,F[t±1]) is
torsion over F[t±1] (cf. Proposition 2.1). By the cellular structure of W , we obtain the twisted chain
complex as follows:
0→ F[t±1]r(d−1)
∂2−→ F[t±1]rd
∂1−→ F[t±1]r → 0.
This proves that any i-th twisted Alexander module with i ≥ 3 is trivial. Following [13], ∂1 is the column
matrix with i-th entry
ρ(xi)t
ε(xi) − Id,
which yields the desired description of ∆ε,ρ0 .
By applying Fox calculus to the presentation
π1(S
3 \K) ∼=< x0, x1, ..., xd−1|x0xix
−1
0 x
−1
i , i = 1, ..., d− 1 >,
we know ∂2 is a (d − 1)× d matrix with entries in Mr(F[t
±1]) given by the matrix of Fox derivatives of
the relations, tensored with F[t±1]r. Therefore, ∂2 equals


Id− ρ(x1)tε(x1) ρ(x0)tε(x0) − Id 0 · · · 0
Id− ρ(x2)tε(x2) 0 ρ(x01)tε(x0) − Id · · · 0
.
..
.
..
.
..
.
..
.
..
Id− ρ(xd−2)t
ε(xd−2) 0 · · · ρ(x0)tε(x0) − Id 0
Id− ρ(xd−1)t
ε(xd−1) 0 · · · 0 ρ(x0)tε(x0) − Id


ε(x0) 6= 0 guarantees that Ker(∂2)=0. Therefore, H
ε,ρ
2 (S
3 \K,F[t±1]) = 0. Finally, using the fact that
χ(S3 \K) = 0 (recall b0 = 1, b1 = d, b2 = d− 1), we obtain
rankF[t±1](H
ε,ρ
1 (S
3 \K,F[t±1])) = −χ(S3 \K) = 0.
Hence the first twisted Alexander module is also torsion. Then by theorem 4.1 in [13], we obtain that
∆ε,ρ1 /∆
ε,ρ
0 = (det(ρ(x0)t
ε(x0) − Id))d−2.

2.3. Plane curve Aodd Singularities. Let C = {x
2− y2n = 0} ⊂ C2. The germ (C, 0) is known as the
A2n−1 singularity. C is the union of two smooth curves which intersect non-transversely. By [25],
π1(C
2 \ C) ∼= G(2, 2n) =< ai, β|β = a1a0, R1, R2 >,
where
R1 : ai+2n = ai, i = 0, ..., 2n− 1
and
R2 : ai+2 = β
−1aiβ, i = 0, ..., 2n− 1.
Therefore, π1(C
2 \ C) ∼=
< a0, a1, ..., a2n−1, β|a1a0β
−1,
βa2β
−1a−10 , βa4β
−1a−12 , ..., βa0β
−1a−12n−2,
βa3β
−1a−11 , βa5β
−1a−13 , ..., βa1β
−1a−12n−1 >
The untwisted Alexander matrix for A3 singularity, from which one can get the general pattern, is:
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

−1 0 β 0 1− a0
β 0 −1 0 1− a2
0 −1 0 β 1− a1
0 β 0 −1 1− a3
a1 1 0 0 −1


It is easy to compute that the associated twisted Alexander matrix forA2n−1 has trivial kernel. Hence,
∂2 in the twisted chain complex has trivial kernel. Therefore, H
ε,ρ
1 (C
2 \ C,F[t±1]) is a torsion module.
Corollary 2.9. Let C be the curve given by y(y−xn) = 0 ⊂ C2. Then the first twisted Alexander module
of C2 \ C is a torsion F[t±1]-module.
Proof. Use the fact that the germs (y(y − xn), 0) and (y2 − x2n, 0) are diffeomophic. 
3. Twisted Alexander polynomials of complex curves
3.1. Definition. The understanding of ε : π1 → Z is desired to define the twisted Alexander modules.
Since Z is an abelian group, ε factors through the abelianization map from π1 to H1. Because of the nice
geometric description for the first homology of complex curves complements, characterizing all associated
ε’s is possible.
Let C be a reduced curve in CP2 of degree d with r irreducible components and let L be a line in CP2.
Denote
U = CP2 \ (C ∪ L) = C2 \ (C \ (C ∩ L))
using the natural identification of C2 with CP2 \ L. Alternatively, let f(x, y) : C2 → C be a square-free
polynomial of degree d. Then projectivize f = 0 and call C the zero locus in CP2. L is given by z = 0
and U = C2 \ {f = 0}.
It is well known that H1(U) ∼= Z
r is generated by the homology classes νi of meridians γi of the
components Ci of C, see corollary 4.1.4 in [8].
Let n1, ..., nr be positive integers with gcd(n1, ...nr)=1. Then ε : π1(U)
ab
−→ H1(U)
ψ:νi→ni
−−−−−→ Z defines
an epimorphism. If all ni = 1, then ε is the total linking number homomorphism
lk# : π1(U)
[α]→lk(α,C∪−dL)
−−−−−−−−−−−−→ Z.
The consideration of some ni > 1 allows us to study non-reduced polynomials f with the algebraic linking
number homomorphism.
Fix a finite dimensional F-vector space V and a linear representation ρ : π1(U) → GL(V). Using
section 2, the F[t±1]-modulesHε,ρi (U ;F[t
±1]) are defined for all i and are called the i-th twisted Alexander
modules of C with respect to L.
If L and L′ are two generic lines to C in CP2, then UL is homotopy equivalent to UL′. So, if the
choice of L is made generically, then the notion of affine curve complement U of C is well defined up to
homotopy.
When we focus on the twisted Alexander modules associated to the total linking number homomor-
phism, we will denote
Hρi (U,F[t
±1]) = H lk#,ρi (U,F[t
±1])
to indicate that the choice ε = lk# is understood.
3.2. Motivation. Above definition generalizes the classical Alexander modules. Let U˜ be the universal
covering of U . Take V = F = Q, ni = 1, and ρ to be trivial. Then
(F[t±1]⊗ V)⊗F[pi] C∗(U˜ ;F) = (Q[t
±1]⊗Q)⊗Q[pi] C∗(U˜ ;Q)
∼= Q[t±1]⊗Q[pi] C∗(U˜ ;Q)
= C∗(U ;Q[t
±1]).
The last equality can be found in [12]. The homology of the complex C∗(U ;Q[t
±1]) yields the Alexander
modules studied in [15].
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Because U is the complement of an affine curve, U is isomorphic to a smooth affine hypersurface in
C3. Hence U is a complex 2-dimensional Stein manifold. Therefore U has the homotopy type of a real
2-dimensional finite CW-complex (see 1.6.8 in [8] for details). Hence, Hε,ρi (U ;F[t
±1]) = 0 for i > 3 and
Hε,ρ2 (U ;F[t
±1]) is a free F[t±1]-module. For i = 0, 1, Hε,ρi (U ;F[t
±1]) are finite type over F[t±1].
Interesting questions are: What are the free ranks of Hε,ρi (U ;F[t
±1]) over F[t±1]? In particular, under
what conditions are these modules torsion over F[t±1]? As an example and partial answer to above
questions, we recall some classical results.
Theorem 3.1. [15] If X is a connected finite CW-complex with H1(X,Z) ∼= Z, then H1(X,Q[t
±1]) is a
torsion Q[t±1]-module.
Theorem 3.2. [10] Suppose H ⊂ CPn+1 is a generic hyperplane to the hypersurface V ⊂ CPn+1. Then
V \H has the homotopy type of a bouquet of spheres of dimension n.
Corollary 3.3. Suppose C ⊂ CP2 is an irreducible curve with line at infinity L, then H1(U,Q[t
±1]) is
torsion over Q[t±1]. Moreover, if L is generic to C and C \L is homotopic to a bouquet of p circles, then
rankQ[t±1 ]H2(U ;Q[t
±1]) = p.
Proof. It is easy to see that χ(U) = p, by the additivity of Euler characteristics. On the other hand,
H1(U) ∼= Z implies H1(U,Q[t
±1]) is torsion (cf. theorem 3.1). Also, H0(U,Q[t
±1]) ∼= Q[t±1]/(t− 1) ∼= Q
is torsion over Q[t±1]. In addition, we have the equation
rankQ[t±1 ]H0(U ;Q[t
±1])− rankQ[t±1]H1(U ;Q[t
±1]) + rankQ[t±1]H2(U ;Q[t
±1]) = χ(U),
hence rankQ[t±1]H2(U,Q[t
±1]) = χ(U) = p. 
In the irreducible case, the above questions concerning the ranks and torsion property have been
answered partially, and particularly, under the assumption that L is generic.
The main goal of this part of the paper is to study the terms in the equation stated in the main theorem
in [2]. We will first find conditions such that the first twisted Alexander modules of U are torsion and
provide obstructions on the twisted Alexander polynomials. We will see that under certain geometric
conditions concerning the singularities, we have torsion local modules. Hence, the acyclicity assumption
in the main theorem in [2] could be discarded in many cases.
3.3. When are Hε,ρi (U,F[t
±1]) torsion?
Theorem 3.4. Let C be a reduced complex projective curve. If C is irreducible and ρ is abelian, or, if
C is transversal to the line at infinity L, then the twisted Alexander modules Hε,ρi (P
2 \C ∪L,F[t±1]) are
torsion, for i = 0, 1.
Proof. If C is irreducible and ρ is abelian, [18] shows that the classical Alexander modules of an irreducible
curve determine the twisted ones, and the proof in this case is identical to the proof of the classical case
shown in [15] using the Milnor long exact sequence.
Now assume L is transversal to C. Let C have degree d. Then by [15], the link at infinity is given by
the equation xd = yd, which is exactly the generalized Hopf link described before.
By lemma 5.2 in [15], we have that
π1(S
3 \K) ∼=< x0, x1, ..., xd|xdxd−1 · · ·x1x
−1
0 , x0xix
−1
0 x
−1
i , i = 1, ..., d >→ π1(U)
is surjective. Moreover, from section 7 in [15], π1(U) and π1(S
3 \K) have the same generators. Relations
in π1(U) are relations in π1(S
3\K) in addition to those being described by monodromy about exceptional
lines using Zariski-Van Kampen method. Therefore, ε ◦ i∗ = ε and ρ ◦ i∗ = ρ on generators, where i∗ are
the induced maps of inclusion on the fundamental groups.
Up to homotopy type, U is 2-dimensional, so U has the homotopy type of S3 \K with some 2-cells
attached. Hence
Hε,ρi (S
3 \K,F[t±1])→ Hε,ρi (U,F[t
±1])
is an isomorphism for i = 0, and an epimorphism if i = 1. As a result, by theorem 2.8, it is sufficient to
show that ε ◦ i∗(x0) = ε(x0) 6= 0. Notice that we have a commutative diagram:
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π1(S
3 \K)
ab

i∗
// π1(U)
ε
//
ab

Z
H1(S
3 \K)
j∗
// H1(U)
ψ
==
③
③
③
③
③
③
③
③
③
So, ε ◦ i∗ = ψ ◦ j∗ ◦ ab and it is enough to understand the maps ab and j∗.
Recall that W is the complement of a central line arrangement A of d lines in C2. H1(W ) = Z
d =<
ν1, ..., νd >, where νi is the homology class of the meridians around the line li ⊂ A. Hence, by remark
2.6, we have ab(xi) = νi for i = 1, ..., d. Therefore, ab(x0) = ν1 + ...+ νd.
On the other hand, H1(U) = Z
r, generated by the homology classes βl of the meridians around each
irreducible component. Since A is defined by the homogeneous part of the defining equation of C, it is
clear that j∗ takes each νi to one of the βl’s. We know that there are exactly dl many νi mapping to βl,
where dl is the degree of the component Cl of C.
Finally, since ψ(βl) = nl, then for all i ≥ 1, ε ◦ i∗(xi) = nli for some li, and
ε ◦ i∗(x0) = ψ ◦ j∗(ν1 + ...+ νd) =
r∑
l=1
dlnl > 0.

Remark 3.5. For the space W = C2 \ A, where A is a central line arrangement of d lines, Hρ1 (W,F[t
±1])
is torsion over F[t±1] also because
Hρ1 (W,F[t
±1]) ∼= H1(W∞,Vρ).
W∞ is homotopy equivalent to the Milnor fiber at the origin of the polynomial x
d − yd = 0. W∞ has the
homotopy type of a finite bouquet of circles ([23]). Therefore, Hρ2 (W,F[t
±1]) = 0 and Hρ1 (W,F[t
±1]) is a
finite F-vector space, and hence a torsion F[t±1]-module. Similar arguments will be given later to show
that some other Alexander modules are torsion.
Even though the Milnor fiber argument is a short proof for torsionness, it does not give following
obstructions for ∆ε,ρ1,U , which follows from theorem 2.8 and theorem 3.4.
Corollary 3.6. If C is in general position at infinity, then ∆ε,ρ1,U divides
gcd(det(ρ(x0)t
∑r
l=1 dlnl−Id), det(ρ(x1)t
nl1−Id), ..., det(ρ(xd−1)t
nld−1−Id))·(det(ρ(x0)t
∑r
l=1 dlnl−Id))d−2.
In particular, if ε = lk#, then ∆ρ1,U divides
gcd(det(ρ(x0)t− Id), ..., det(ρ(xd−1)t− Id)) · (det(ρ(x0)t
d − Id))d−2.
Remark 3.7. This corollary generalizes the formula in the classical case. Namely, when ε = lk# and ρ is
trivial, then we have the formula (t− 1)(td − 1)d−2 in [15] for the Alexander polynomial at infinity.
Remark 3.8. Corollary 3.6 is very similar to theorem 3.1 in [14]. But their definition of twisted Alexander
polynomials follows [27]. The two definitions are related in theorem 4.1 in [13], provided that the first
twisted Alexander module of a space X is torsion.
Remark 3.9. In [18], Libgober proved that for an irreducible curve C, and for ρ a unitary representation,
the roots of the first twisted Alexander polynomial are in a cyclotomic extension of the field generated by
the rationals and the eigenvalues of ρ(γ), where γ is a meridian around a non-singular point in C. But
his result does not give the extension degree. By corollary 3.6, we actually know what the field extension
is and therefore the degree in some cases.
Corollary 3.10. Suppose F = C. Denote the eigenvalues of ρ(x0)
−1 by λ1, ..., λr. Then the roots of
∆ρ1,U lie in the splitting field S of
∏r
i=1(t
d − λi) over Q, which is cyclotomic over K = Q(λ1, ..., λr).
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Proof. If ρ(x1), ..., ρ(xd) have no common eigenvalues, then ∆
ρ
1,U divides (det(ρ(x0)t
d − Id))d−2. In
particular, prime factors of ∆ρ1,U are among prime factors of det(ρ(x0)t
d − Id).
Let p(t) be the characteristic polynomial of ρ(x0)
−1. Then it is clear that
det(ρ(x0)t
d − Id) = (−1)r det(ρ(x0))p(t
d) = (−1)r det(ρ(x0))(t
d − λ1) · · · (t
d − λr).
Then the roots of ∆ρ1,U are inside the splitting field S of
∏r
i=1(t
d − λi) over Q.
If α is a common eigenvalue of ρ(x1), ..., ρ(xd), then one of the eigenvalues of ρ(x0) = ρ(xd)ρ(xd−1)...ρ(x1)
is αd. And hence WLOG, αd = λ−11 . So α ∈ S. 
Example 3.11. In some cases, the degree [S : K] is easy to compute.
(1) If all eigenvalues of ρ are transcendental and they have no algebraic relations, then the degree of
extension is drϕ(d), where ϕ is the Euler function.
(2) If ρ is unitary and all eigenvalues of ρ are algebraic (e.g. ρ only takes values in matrices with
algebraic elements), and write λi = e
2pii/ki , then
[S : K] =
ϕ(lcm(d, k1, ..., kr))
ϕ(lcm(k1, ..., kr))
.
(3) If ρ is unitary and there arem transcendental elements in which there are no relations, by writing
the algebraic λi = e
2pii/ki , we have
[S : K] =
dmϕ(lcm(d, k′is))
ϕ(lcm(k′is))
.
3.4. Local twisted Alexander modules. In this section we consider the local Alexander modules
of singular points of a complex curve. These are defined to be the twisted Alexander modules of the
link exterior at each singular point (see [2]). There are two types of singular points according to their
positions; interior singular points and singularities at infinity (intersections of C and L). The main result
of this section will be the implication of torsionness of the global twisted Alexander modules from those
of the local ones at infinity.
If x is an interior singular point of a curve C, consider a small sphere S3x around x. Lx := S
3
x ∩ C
is called the algebraic link at x. Diffeomorphism type of Lx does not change when S
3
x is small enough
([8],[23]). Twisted Alexander modules at x are defined as Hε,ρi (S
3
x \Lx,F[t
±1]) via the induced map from
inclusion on π1.
For all points x in C, there is a locally trivial fiber bundle, called the Milnor fibration ([23]),
Fx → S
3
x \ Lx
h/|h|
−−−→ S1,
where h is the defining equation of the germ (C, x) and Fx is the Milnor fiber at x. Fx has the homotopy
type of a finite bouquet of circles and the number of circles is the Milnor number of f at x.
If x is a singular point at infinity, then we consider a small sphere S3x centered at x in CP
2 and
Lx = S
3
x \ (C ∪H). The twisted Alexander modules at x are again defined through the inclusion maps
on the fundamental group.
Proposition 3.12. Local twisted Alexander modules at interior singular points are torsion F[t±1]-
modules.
Proof. Suppose x is a singular point located in exact one component Ci. Let E = S
3
x\Lx. The composition
ε ◦ i∗ : π1(E)→ Z takes generators to ni.
We proceed by considering two ‘infinite cyclic covers’ of E. Let Eni,∞ denote the infinite cyclic cover
of E associated to ε ◦ i∗. On the other hand, the map π1(E)→ π1(U)
νi→1−−−→ Z defines E∞ another cover
of E. By [13],Eni,∞ is the disjoint union of ni copies of E∞. Moreover, it is well known that E∞ is
homotopic equivalent to Fx.
Therefore, Hε,ρi (E,F[t
±1]) ∼= Hi(Eni,∞,Vρ)
∼= Hi(∪
niFx,Vρ). The latter are finite vector spaces,
hence torsion F[t±1] modules. Moreover, Hε,ρ2 (E,F[t
±1]) = 0.
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If x is a singular point which lies on more than one component, say C1 and C2, the image of ε ◦ i∗ is
(n1, n2)Z. A similar argument as above shows that H
ε,ρ
i (E,F[t
±1]) ∼= Hi(∪
(n1,n2)Fx,Vρ).

Remark 3.13. The relation between the twisted Alexander polynomials ofH1(E∞,Vρ) andH1(Eni,∞,Vρ)
is stated in [13]. One only needs to replace t by tni in the polynomial.
Theorem 3.14. If there exists a component of C such that its local twisted Alexander modules at infinity
are torsion, then the first (global) twisted Alexander module of the curve C is torsion.
Proof. Let C1 be such component of C. Let T (C1) be a regular neighborhood of C1 in CP
2 and T =
T (C1) \ (C ∪H). By Lefschetz hyperplane theorem, there is a surjection π1(T ) → π1(U). Hence, there
is a surjective F[t±1]-module homomorphism Hε,ρ1 (T,F[t
±1]) → Hε,ρ1 (U,F[t
±1]). It suffices to show that
Hε,ρ1 (T,F[t
±1]) is a torsion F[t±1]-module.
Let F1 be the surface obtained from C1 with a disk around each singular point of C1, including at
infinity, removed (cf theorem 5.6 in [2]). Let N = F1 × S
1. Its boundary will be a union of disjoint tori
T 2’s. Therefore, T ≃ ∂T (C1) is homotopic to the decomposition
N ∪
⋃
x∈Sing(C1)∪Sing∞(C1)
Sx \ Lx
There is an associated Mayer-Vietoris sequence
...→ ⊕Hε,ρ1 (T
2,F[t±1])→ Hε,ρ1 (N,F[t
±1])⊕Hε,ρ1 (Sx\Lx,F[t
±1])→ Hε,ρ1 (T,F[t
±1])→ ⊕Hε,ρ0 (T
2,F[t±1])→ ...
Twisted Alexander modules of tori are torsion ([13]). π1(N) = π1(F1 × S
1) ∼= Z×Z∗b1(F1), free group
of rank b1(F1). Since ε takes the meridian around C1 to n1 > 0, by the calculations in section 2, twisted
Alexander modules of N are also torsion.

Corollary 3.15. If the singularities at infinity of a single component of C are of type xk− yk or A2n−1,
then the first twisted Alexander module of C is torsion.
Corollary 3.16. Let C = C1 ∪ ...∪Cr be an affine plane curve which is transversal at infinity. Set M =
C2 \ C. Consider an epimorphism ε : π1(M) → Z and an unitary representation ρ : π1(M) → GL(V).
Let s = #Sing(C) and consider (S3k, Lk) the local link singularities, k = 1, 2, ..., s, plus the link at infinity
(S3∞, L∞). Then
α ·
∏
k=1,...,s,∞
∆ε,ρ(S3k \ Lk) = ∆
ε,ρ(M) · ¯∆ε,ρ(M) · det(φε,ρ(M)),
where α =
∏r
q=1 det(Id− ρ(νq)t
ε(νq))sq−χ(Cq), with s = #Sing(C) ∩Cq and νq is a meridian of Cq, and
φε,ρ(M) is the intersection form described in [?CF].
3.5. Examples and conjectures.
Example 3.17. C : x2 − y2 ⊂ C2.
From [13], we know ∆ = ∆1/∆0 = 1 and hence
∆1 = ∆0 = gcd(det(ρ(x1)t
n1 − I), det(ρ(x2)t
n2 − I)).
Notice that the global Reidemeister torsion ([2] for definition) and the local Reidemeister torsion at
the singular point are the same because x2 − y2 is a central line arrangement. Therefore, by theorem 5.6
in [2], the determinant of the intersection form detϕε,ρ(C) is equal to
det((I − ρ(x1)t
n1)(I − ρ(x2)t
n2)).
Example 3.18. C is the generic line arrangement of 3 lines in C2.
We know that Hε,ρ2 (U,F[t
±1]) = 0 and Hε,ρ1 (U,F[t
±1]) is torsion. Also all the local twisted Alexander
modules are torsion. Theorem 4.1 in [13] shows
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∆ = ∆1/∆0 = gcd(det(ρ(x1)t
n1 − I), det(ρ(x2)t
n2 − I), det(ρ(x3)t
n3 − I)).
All the local Reidemeister torsion at the three singular points are 1 because the link exteriors are tori.
The Reidemeister torsion at infinity is computed using the result on Hopf link with 3 components,
∆∞ = det(ρ(x3x2x1)t
n1+n2+n3 − I).
Example 3.19. C : (x2 − y3)(x − 1) ⊂ C2.
Since the two components intersect transversally, by [24],
π1(U) ∼=< x, y, z|xyx = yxy, xz = zx, yz = zy > .
There are three A1 singularities and one A2 singularity. We know that H
ε,ρ
2 (U,F[t
±1]) = 0 and
Hε,ρ1 (U,F[t
±1]) is torsion. Also all the local twisted Alexander modules are torsion.
∆ = ∆1/∆0 = gcd(det(ρ(x)t
nx − ρ(y)ρ(x)tnx+ny − I), det(ρ(z)tnz − I))).
Local Reidemeister torsion at the three A1’s are 1. The Reidemeister torsion at infinity is computed
using the result on Hopf link with 4 components. That at A2 is given by
∆A2 =
det(ρ(x)tnx − ρ(y)ρ(x)tnx+ny − I)
det(I − ρ(x)tnx)
.
Recall that the classical Alexander polynomial of curves has a weakness. Namely, if a curve C is the
union of irreducible curves which intersect transversely, then its Alexander polynomial is trivial, being
(t− 1)r−1([24]). In the previous example, we saw that the twisted Alexander polynomial is “non-trivial”
in some sense, even though we have the two components intersecting transversely. More precisely, we
saw ∆ 6= 1 for some representation ρ. But ∆ is trivial in the first example when the two components are
both smooth.
Conjecture 3.20. Suppose all components of C intersect transversely. Then for all ρ, ∆1/∆0 = 1 if
and only if C is union of two irreducible nodal curves.
Here is a verifying example:
Example 3.21. Suppose C is the union of C1 and C2, where C1, C2 are irreducible and they intersect
transversely. Assume C1 is diffeomorphic to x
p1 − yq1 ⊂ C2, where (p1, q1) = 1 and C2 is diffeomorphic
to xp2 − yq2 ⊂ C2, where (p2, q2) = 1. By [25] and [24], we know
π1(U) ∼=< x, y, z, w|x
p1y−q1 , zp2w−q2 , xzx−1z−1, xwx−1w−1, yzy−1z−1, ywy−1w−1 > .
By fixing a generic line to C, we have that Hε,ρ1 (U,F[t
±1]) is torsion over F[t±1]. It is also clear that
all local twisted Alexander modules are torsion. Take ε = lk# and ρ to be rank-1. Take ρ(x) to be a
non-trivial p1-th root of unity and ρ(y) to be a non-trivial q1-th root of unity. Take ρ(z) = 1 = ρ(w).
Then by theorem 4.1 in [13], ∆ = ∆1/∆0 = t− 1 6= 1 and ∆0 = 1. Similar results can be obtained using
similar choice of ρ.
4. Twisted Alexander polynomials of complex hypersurfaces
We generalize the notion of twisted Alexander modules to the study high-dimensional complex hyper-
surface complements. A major difference is that for curves, there are only isolated singularities, while for
high dimensional hypersurfaces, the singularities could be non-isolated. We will make the idea of “local”
modules explicit.
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4.1. Definition. Let V be a reduced hypersurface in CPn+1 of degree d with r irreducible components
and H be a hyperplane in CPn+1. Let
U = CPn+1 \ (V ∪H) = Cn+1 \ (V \ (V ∩H))
with the natural identification of Cn+1 and CPn+1 \H . Alternatively, let f(x1, ..., xn+1) : C
n+1 → C be
a reduced polynomial of degree d. Then V is given by projectivizing f = 0. H is given by x0 = 0.
Notice that H1(U) ∼= Z
r and is generated by the homology classes νi of meridians γi of the components
Vi of V ([8]). Let ni be r positive integers with gcd(n1, ...nr)=1. Let
ε : π1(U)
ab
−→ H1(U)
νi→ni−−−−→ Z
, which is an epimorphism.
We obtain the linking number homomorphism if ni = 1,
lk# : π1(U)
[α]→lk(α,V ∪−dH)
−−−−−−−−−−−−→ Z.
Fix a finite dimensional F-vector space V and a linear representation ρ : π1(U)→ GL(V).
Using section 2, the F[t±1]-modules Hε,ρi (U ;F[t
±1]) are defined for all i and are called the i-th twisted
Alexander modules of the hypersurface V . Again we denote
Hρi (U,F[t
±1]) = H lk#,ρi (U,F[t
±1]).
Because U is the complement of an affine hypersurface, it is isomorphic to a smooth affine hypersurface
in Cn+2, by 1.6.7 in [8]. Hence U is a Stein manifold of complex dimension n + 1 and therefore U has
the homotopy type of a finite CW-complex of real dimension n+1 ([8]). As a result, Hε,ρi (U ;F[t
±1]) = 0
for i > n+ 1 and Hε,ρn+1(U ;F[t
±1]) is a free F[t±1]-module. Moreover for 0 ≤ i ≤ n, Hε,ρi (U ;F[t
±1]) is of
finite type over F[t±1].
4.2. When are Hε,ρi (U,F[t
±1]) torsion? We want to address the following questions: What are the free
ranks over F[t±1]? When are these modules torsion over F[t±1]?
Classical theory tells us some partial answers:
Theorem 4.1. [21] Suppose H is a generic hyperplane to V (H is transversal to V in the stratified sense).
Then the Alexander module Hi(U ;Q[t
±1]) is a torsion Q[t±1]-module, and hence a finite dimensional
vector space over Q, for 0 ≤ i ≤ n. (also see [6])
Combining with theorem 3.2 yields the following.
Corollary 4.2. Suppose H is a generic hyperplane to V . Then rankQ[t±1]Hn+1(U ;Q[t
±1]) = µ, the
number of n-spheres in the bouquet describing the homotopy type of V \H.
The proof of the above corollary is identical to the case of curve complements. The result below follows
from our calculation on curves.
Corollary 4.3. Let V be a reduced complex projective hypersurface which is transversal to the hyperplane
at infinity H. Then the first twisted Alexander module Hε,ρ1 (U,F[t
±1]) is torsion.
Proof. This is a corollary of theorem 3.4 and the Lefschetz hyperplane theorem. Let E be a 2-dimensional
plane in CPn+1 which is generic to V ∪ H . Then there is an epimorphism π2(E ∩ U) → π2(U) and an
isomorphism π1(E ∩U)→ π1(U). Hence, H
ε,ρ
i (E ∩U,F[t
±1]) surjects on Hε,ρi (U,F[t
±1]) for i=0,1,2. 
In the above statements, the assumption that H is generic plays an important role. Moreover, if H
is generic, there are some other very interesting properties about classical Alexander modules ([21]). In
short, the Alexander polynomials would divide the products of some ‘locally defined polynomials’ and
their roots are among d-th roots of unity.
So, starting from this section, we will assume H to be generic to V . In particular, H intersects V
transversally (also in the stratified sense).
From lemma 1.5 in [17], if dimSingV ≤ dimV −2 (which implies V is irreducible), then π1(U) ∼= Z. In
this case, ρ is abelidan and is determined by the image of the meridian around the hypersurface. We see
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that the twisted polynomials are determined by the classical ones ([18]). Therefore, the twisted modules
are only interesting with non-abelian representation and when the singularities are in codimension 2 (e.g.
V is a hyperplane arrangement).
Finally, we state a result about the free rank of Hε,ρn+1(U ;F[t
±1]) over F[t±1].
Proposition 4.4. IfHε,ρi (U ;F[t
±1]) are torsion over F[t±1] for 0 ≤ i ≤ n, then the rank of Hε,ρn+1(U ;F[t
±1])
over F[t±1] is equal to (−1)n+1χ(U) · dimF(V).
Proof. Let U˜ be the universal cover of U . Consider the complex C∗(U˜ ;F) of free F[t
±1]-modules.
n+1∑
i=0
(−1)irankF[t±1](Ci(U˜ ;F)) = χ(U).
So,
n+1∑
i=0
(−1)irankF[t±1](C
ε,ρ
i (U ;F[t
±1])) = χ(U) · dimF(V).

4.3. Divisibility at infinity and Torsionness. From now on, we will focus on the case where ε = lk#.
We will prove that under the assumption of transversality, most of the twisted Alexander modules are
torsion. Let T (H) be a small regular tubular neighborhood of H . Denote the space T (H) \ V ∪ H by
TH . Then by [6],
(4.1) πi(TH)
i∗−→ πi(U)
is an isomorphism for 1 ≤ i ≤ n− 1 and is an epimorphism for i = n. Hence, πi(U, TH) = 0 for i ≤ n.
As a result, U has the homotopy type of a CW-complex built from TH by attaching cells of dimension
n+ 1.
We define the twisted Alexander modules of TH by composing ε and ρ with the inclusion map on
fundamental groups. The composition with ε is surjective by (4.1). Let (TH)∞ be the infinite cyclic
cover of TH associated to this composition. Then (TH)∞ is connected and can be thought as a subspace
of U∞. Moreover, the module action is compatible with the inclusion map. Namely, the following diagram
of F[t±1]-modules commutes:
V⊗ρ◦i C∗((TH)∞)
t

i
// V⊗ρ C∗(U∞)
t

V⊗ρ◦i C∗((TH)∞)
i
// V⊗ρ C∗(U∞)
Let v ⊗ c ∈ V ⊗ C∗((TH)∞). Let a meridian around H , α ∈ π1(TH) gets mapped to β ∈ π1(U) by
inclusion, then
t(i(v ⊗ c)) = t(v ⊗ i(c))
= vβ−1 ⊗ βi(c)
= ρ(β−1)(v)⊗ βi(c)
= (ρ ◦ i)(α−1)(v)⊗ i(α)i(c)
= αv ⊗ i(αc)
= i(αv ⊗ αc)
= i(t(v ⊗ c)).
As a result,
Hε,ρi (TH ,F[t
±1])
i∗−→ Hε,ρi (U,F[t
±1])
is an isomorphism for i ≤ n− 1 and is an epimorphism for i = n.
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Corollary 4.5. If Hi((TH)∞,Vρ) is a torsion module over F[t
±1], then so is Hε,ρi (U,F[t
±1]).
Theorem 4.6. Hρi (U,F[t
±1]) are torsion F[t±1]-modules, for 0 ≤ i ≤ n.
Proof. By [6], [21], TH is homotopy equivalent to the complement of the cone over V ∩H in C
n+1. For
instance, if V is defined by f(x0, ..., xn) = 0 and H is defined by x0 = 0, then the cone is defined by
g := f(0, x1, ..., xn) = 0. Furthermore, the latter space is homotopy equivalent to S
2n+1 \ {g = 0},
because g is homogeneous. On the other hand, with the existence of Milnor fibration:
Fg → S
2n+1 \ {g = 0} → S1,
where Fg is the Milnor fiber of the function g, when ε = lk#, (TH)∞ ∼= Fg. Because Fg is a finite
n-dimensional CW-complex, Hi(Fg,Vρ) is a finite vector space and a torsion F[t
±1]-module. 
4.4. Relation to local systems on U with stalk V. We obtain here some combinatorial upper bounds
on the multiplicities of roots of the twisted Alexander polynomials for hyperplane arrangements, similar
to the work in [9] section 4.
Let a ∈ C∗ and consider the rank-one local system La on U defined by
π1(U)
ε
−→ Z
17→a
−−−→ C∗.
Then we have the short exact sequence tensoring with V,
0→ C[t±1]⊗ V
(t−a)I
−−−−→ C[t±1]⊗ V→ La ⊗ V→ 0.
There is an induced short exact sequence of the complexes
0→ Cε,ρ∗ (U,C[t
±1])→ Cε,ρ∗ (U,C[t
±1])→ C∗(U,La ⊗ Vρ)→ 0
which yields the Milnor long exact sequence
...→ Hρi (U,C[t
±1])
(t−a)r
−−−−→ Hρi (U,C[t
±1])→ Hi(U,La ⊗ Vρ)→ ...
Since we know Hi(U,C[t
±1]) is torsion for i ≤ n, exactness of the sequence shows
dimCHi(U,La ⊗ Vρ) = dim(Ker(t− a)
r : Hi → Hi) + dim(Ker(t− a)
r : Hi−1 → Hi−1)
Proposition 4.7. dimCHi(U,La⊗Vρ) ≥ N(a, i)+N(a, i−1), where N(a, q) denotes the power of (t−a)
in ∆ρq .
In the case of hyperplane arrangements, since the cohomology groups of hyperplane arrangement
complements are combinatorial, more precisely, depending on the intersection lattice, we can give com-
binatorial upper bounds for multipilities of roots of twisted Alexander polynomials.
Corollary 4.8. Suppose U is a hyperplane arrangement complement in Cn+1. Denote by N(a, q) the
power of (t− a) in ∆ρq . Then for i ≤ n,
N(a, i) +N(a, i− 1) ≤ rbi(U).
This is due to the existence of a minimal cell structure on U . In general,
dimCHi(U,La ⊗ Vρ) ≤ r · ci(U),
where ci(U) is the number of cells of U in the minimal cell structure.
5. Divisibility theorem of Twisted Alexander polynomials
5.1. Topology of tubular neighborhood of components of V . Let V1 be a component of V . Let
T (V1) be a tubular neighborhood of V1 in CP
n+1 (for an explicit construction of such tubular neigh-
borhood, one can see [8] page 150). By a Bertini’s theorem type argument, T (V1) contains a generic
hypersurface W of dimension n and the same degree as V1, which is transversal to V ∪H (see proof of
theorem 4.3 in [17] for the irreducible case). So, by Lefschetz theorem, the map on homotopy groups
induced by inclusion:
πi(W ∩ (CP
n+1 \ (V ∪H)))→ πi(CP
n+1 \ (V ∪H))
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is an isomorphism for i ≤ n− 1 and is an epimorphism for i = n.
Let T = T (V1) \ (V ∪H). Then the above maps factor through πi(T ) as:
πi(W ∩ (CP
n+1 \ (V ∪H)))→ πi(T )→ πi(U)
So,
(5.1) πi(T )
i∗−→ πi(U)
is an isomorphism for i ≤ n− 1 and is an epimorphism for i = n.
Following the argument in [21],[22], we have πi(U, T ) = 0 for i ≤ n. Hence, U has the homotopy type
of T with some cells of dimension n+ 1 or higher attached. So the low dimensional skeleton of U and T
are homotopic.
Similar to the tubular neighborhood at infinity, we consider the twisted Alexander modules of T
corresponding to the representation of π1(T ) obtained by composing ε and ρ with the inclusion map on
fundamental groups. The composition with ε is still surjective because of (5.1). Let T∞ be the infinite
cyclic cover of T associated to this composition. Then T∞ is connected and can be thought as a subspace
of U∞. Moreover, the module action is compatible with the inclusion map.
Recall that U has the homotopy type of T with some cells of dimension n+ 1 or higher attached. So,
the map induced by inclusions
Hε,ρi (T ;F[t
±1])→ Hε,ρi (U ;F[t
±1])
is an isomorphism for i ≤ n− 1 and is an epimorphism for i = n.
To study the twisted Alexander modules of V , we may focus on the tubular neighborhood of only one
of the components.
Corollary 5.1. Let Vk1 , Vk2 ,...,Vkj be components of V such that the twisted Alexander modules of
their tubular neigborhood are torsion. Then ∆ε,ρi (t) divides the greatest common divisor of the twisted
Alexander of polynomials of Vk1 , Vk2 ,...,Vkj .
5.2. Stratification of the hypersurface, partition of a tubular neighborhood, and local link
pairs. An advantage of studying a tubular neighborhood is the possibility writing itself as an union of
some topoloically locally trivial spaces.
Fixing a Whitney regular stratification of V , one can give a partition of T consisting of total spaces
of some locally trivial fibration, where the base spaces are strata in V1. Libgober has described the
stratification in detail for the special case of hyperplane arrangements in [16].
Fix a Whitney regular stratification of V . The tubular neighborhood T (V1) \ V in CP
n+1 can be
decomposed into subsets; each of which corresponds to one strata in V1, in such a way that it fibers over
the stratum. Denote Xkj as the j-th k dimensional stratum in V1 and Y
k
j as the associated subspace of
the tubular neighborhood. For example, if V has only isolated singularities, Xn will be the smooth part
of V and X0j can be regarded as the j-th singular point. Since the stratification of V makes V into a
pseudomanifold, it is known that the fiber is given by the complement of V in a small disk D2n−2k+2j in
CPn+1 with codimension k which is transversal to Xkj . Moreover, D
2n−2k+2
j ∩ V is homeomorphic to a
cone of a 2n− 2k − 1 dimensional closed manifold K2n−2k−1j , which is usually refered as the link of the
stratum Xkj .
In other words, the pair (D2n−2k+2j ,D ∩ V ) is homeomorphic to the cone on (S
2n−2k+1
j ,Kj). Further-
more, we may assume that all the link pairs satisfy the Milnor fibration theorem.
Recall that we assume H to be a generic hyperplane relative to V , so H intersects all strata of V
transversally. The transversality condition of H implies that the following maps remain locally trivial:
S2n−2k+1j \Kj ≃ D
2n−2k+2
j \ D ∩ V
// Ykj \H := Y
k
j

Xkj \H := X
k
j
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Therefore, T = ∪k,jY
k
j with each Y
k
j serving as a total space of a fibration. If the intersection
Y k1j1 ∩ Y
k2
j2
is non-empty and k2 ≥ k1, then this intersection is actually the total space of a fibration over
a submanifold of Xk2j2 with same fiber as Y
k2
j2
→ Xk2j2 , which is S
2n−2k2+1 \K2n−2k2−1.
The local twisted Alexander modules are defined as we defined them for T via composition on funda-
mental groups. All local meridians are mapped to the meridian around V1 by inclusion. Notice that
Hρl (S
2n−2k+1 \K2n−2k−1;F[t±1]) ∼= Hl(F ;Vρ),
where F is the corresponding Milnor fiber. F has a finite CW-complex structure of dimension n−k ([21],
[1]). If we further assume V = F = Q and ρ is trivial, then the local twisted Alexander module is the
ordinary one over Q.
Definition 5.2. The pair (ε, ρ) is said to be of locally finite type on Vi if for every local link pair on Vi,
its local Alexander modules Hε,ρ∗ (S2n−2k+1 \K2n−2k−1;F[t±1]) are torsion. If this is the case, the order
of the local modules are denoted by ξε,ρk,l (t) and are refered as ‘local’ polynomials.
Remark 5.3. (lk#, ρ) is of locally finite type on all components, for all linear representations ρ.
5.3. Divisibility results, comparisons, and applications. In this section, we give the statement of
then main theorem of this paper and compare it with previous existing divisibility results.
Theorem 5.4. Let V be a reduced hypersurface in CPn+1 with generic hyperplane H at infinity. Assume
that the pair (ε, ρ) is of locally finite type on some irreducible component of V , say V1. Then the i-th
twisted Alexander module Hε,ρi (U ;F[t
±1]) is torsion for 0 ≤ i ≤ n, with order denoted by ∆ε,ρi (t).
For 0 ≤ i ≤ n, the prime factors of the i-th twisted Alexander polynomial ∆ε,ρi (t) of V are among the
prime factors of the local twisted Alexander polynomials ξε,ρk,l (t) associated to strata of V1, with:
• n− i ≤ k ≤ n
• 3n− 3k − 2i ≤ l ≤ n− k.
Corollary 5.5. The k-strata of V will only contribute to ∆ε,ρn (t), ...,∆
ε,ρ
n−i(t). In particular, the 0-strata
of V only contribute to ∆ε,ρn (t), the 1-strata contribute only to ∆
ε,ρ
n (t) and ∆
ε,ρ
n−1(t).
Let us compare the theorem with one of the main theorem in [21] for ordinary Alexander polynomials:
Theorem 5.6. [21] Let V be a reduced hypersurface in CPn+1 with generic hyperplane H at infinity.
Fix an arbitrary irreducible component of V , say V1. Then for a fixed i, 1 ≤ i ≤ n, the prime factors
of the global Alexander polynomial δi(t) of V , which is the order of the module Hi(U ;Q[t
±1]) are among
the prime factors of local polynomials ξk,l(t), which are orders of local Alexander modules Hl(S
2n−2k+1 \
K2n−2k−1;Q[t±1]) of link pairs associated to components of strata in V1, such that:
n− i ≤ k ≤ n
and
2n− 2k − i ≤ l ≤ n− k.
Remark 5.7. The ranges that Maxim obtained for ordinary Alexander polynomials are sharper then we
have for the twisted case when n ≥ 4, and are equivalent for lower n’s.
Example 5.8. Suppose the Whitney stratification of (CPn+1, V ) has only three elements
S = Sing(V ) ⊂ V ⊂ CPn+1.
In particular, Sing(V ) is smooth. If futhermore Sing(V ) is k-dimensional, then ∆ε,ρn−k|ξ
ε,ρ
n−k. Such an
example can be obtained by considering two smooth hypersurfaces intersecting transversely.
In [15] and [17], Libgober proved a divisibility result for Alexander polynomials of curves and hyper-
surfaces with only isolated singularities. Theorem 5.4 implies similar results.
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Theorem 5.9. Let V be a reduced hypersurface in CPn+1 with generic hyperplane at infinity and having
only isolated singularities. Then the Alexander modules Hi(U ;Q[t
±1]) = 0 for 1 ≤ i ≤ n − 1, and the
n-th Alexander module is torsion with order denoted by δn(t). Up to powers of (t− 1),
δn(t) |
∏
s
ξ0,n(t),
where s runs over all singular points.
Remark 5.10. Libgober’s divisibility result is also true for hypersurface with isolated singularities, in-
cluding at infinity. Note that the Alexander module defined with a non-generic hyperplane may not be
torsion in the case of non-isolated singularities ([9]).
6. Proof of the theorem
6.1. Twisted Alexander modules as sheaf cohomologies. The main goal of this section is to write
the twisted Alexander modules of V as sheaf cohomologies. For the untwisted case, one can see [21].
Proposition 6.1. [7] If X is a topological space with G = π1(X), and L is a local system defined on X
by ρ with stalk M , then for H ⊳G such that H ⊆ Kerρ, and G′ = G/H and XH is the covering space
of X associated to H, we have the following:
C∗(X,L) = C∗(XH)⊗ZG′ M
and
C∗(X,L) = Hom∗ZG′(C∗(XH),M).
Define a local system L on U with stalk F[t±1]r, where r = dimFV, by:
π1(U)→ Aut(F[t
±1]r)
with
[α] 7→ tε(α) · ρ(α).
By above proposition, Hε,ρi (U ;F[t
±1]) = Hi(U ;L). Now let L
∨ be the dual local system Hom(L,FU ),
where FU is the constant sheaf. Assume that F is a subfield of C closed under conjugation. Then by [13]
or [7],
C∗(U,L∨) = HomF[pi′](C∗(U˜),F[t
±1]⊗ V∨)
= HomF[t±1](C
ε,ρ
∗ (U ;F[t
±1]),F[t±1])
= Hom(C∗(U ;L),F[t
±1])
The two groups on different sides have conjugate F[t±1]-module structure. By denoting the (co)homology
group of C∗(U,L∨) with conjugate module structure as H
∗
(U,F[t±1]), we have
H
∗
(U,F[t±1]) ∼= H∗(HomF[t±1](C∗(U,F[t
±1]),F[t±1])),
as F[t±1]-modules. By the universal coefficient theorem,
H
q
(U,F[t±1]) ∼= HomF[t±1](H
ε,ρ
q (U,F[t
±1]),F[t±1])⊕ ExtF[t±1](H
ε,ρ
q−1(U,F[t
±1]),F[t±1]).
As a corollary, if the twisted Alexander modules of V are torsion modules (except the top one), then
H
i
(U,F[t±1]) is torsion for i ≤ n and ∆ε,ρi (t) is equal to the order of H
i+1
(U,F[t±1]) up to units.
Note the cohomology version also applies to any submanifold of U , because the modules are defined
by composing ε and ρ with inclusion on fundamental group and is the cohomology with i∗L∨.
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6.2. Proof of the theorem. The proof of main theorem 5.4 follows from an application of the Lefschetz
hyperplane theorem and the following lemma.
Lemma 6.2. Let V be a reduced hypersurface in CPn+1 with a generic hyperplane H at infinity (in the
stratified sense). Assume that the pair (ε, ρ) is of locally finite type on some irreducible component of V ,
say V1. Then the i-th twisted Alexander module of V is torsion for 0 ≤ i ≤ n.
Moreover, for 0 ≤ i ≤ n, the prime factors of the i-th twisted Alexander polynomial ∆ε,ρi (t) of V are
among the prime factors of local twisted Alexander polynomials ξε,ρk,l (t) belonging to V1 with:
• 0 ≤ k ≤ n
• i− 3k ≤ l ≤ n− k
To simplify notations, we denote Hε,ρ• (−;F[t
±1]) by Hε,ρ• (−); and H
•
(−;F[t±1]) by H
•
(−). Recall
that T = T (V1) \ V1 ∪H . A spectral sequence argument (cf [16]) will show that H
ε,ρ
i (T ), 0 ≤ i ≤ n, are
torsion, then so are Hε,ρi (U).
Consider the Mayer-Vietoris spectral sequence for the twisted Alexander cohomologies [4] P.815:
(6.1) Ep,q1 : ⊕αH
q
(∩pj=0Y
kα,j
tα,j )⇒ H
p+q
(T )
with kα,1 < kα,2 < ... < kα,p.
Fix P , Q, and α. By section 5, ∩Pj=0Y
kα,j
tα,j fibers over a subset of X
kα,P
tα,P . Denote that subset by Z
P,Q
α
and consider the Leray spectral sequence for this locally trivial fiber bundle πα,P ([4] P.814):
(6.2) Ep,q2 : H
p(ZP,Qα ;R
q(πα,P )∗L
∨)⇒ H
p+q
(∩Pj=0Y
kα,j
tα,j ).
By P.143 in [21], a Ep,q2 term in (6.2) is a finite direct sum of modules of the form (R
qπ∗L
∨)x(σ),
where x(σ) is the bary center of a p-simplex σ of ZP,Qα . And (R
q(πα,P )∗L
∨)x(σ) ∼= H
q(π−1(x(σ));L∨) =
H
q
(S2n−2kα,P+1 \K2n−2kα,P−1).
Since we assume that the pair (ε, ρ) is of locally finite type, the link pairs are of finite type. Then
by universal coefficient theorem, the twisted local cohomologies are torsion F[t±1] modules and finite
dimensional F-vector spaces. Therefore, each Ep,q∞ term in (6.2) is torsion because it is a quotient of a
submodule of Ep,q2 . Now, each E
p,q
2 in (6.1) is a direct sum of some E
∗
∞’s in (6.2), hence each of them is
again torsion, and so is H
∗
(T ). By UCT again, the twisted Alexander modules of the hypersurface for
0 ≤ i ≤ n are torsion.
An algorithm is provided to show that the prime factors of ∆ε,ρi−1(t) are among those of ξ
ε,ρ
k,l−1(t), with
1 ≤ i− 1 ≤ n, ie, 2 ≤ i ≤ n+ 1.
• ∆ε,ρi−1(t) divides the order of H
i
(T ), by UCT.
• The order of H
i
(T ) equals to
∏
p+q=i(order of E
p,q
∞ ) in (6.1).
• Fix a pair of P and Q such that P +Q = i, then the order of EP,Q∞ divides that of E
P,Q
1 in 6.1.
• The order of EP,Q2 equals
∏
α(order of H
Q
(∩Pj=0Y
kα,j
tα,j )).
• Fix an α, the order of H
Q
(∩Pj=0Y
kα,j
tα,j ) equals
∏
m+l=Q(order of E
m,l
∞ ) in (6.2).
• The order of EQ−l,l∞ divides that of E
Q−l,l
2 in (6.2).
• Each EQ−l,l2 in (6.2) is of the form
⊕NH
l
(S2n−2kα,P+1 \K2n−2kα,P−1) = ⊕NHl−1(S
2n−2kα,P+1 \K2n−2kα,P−1).
Recall that order of Hl−1(S
2n−2kα,P+1 \K2n−2kα,P−1) is denoted by ξε,ρkα,P ,l−1(t).
Keep in mind that P + 1 equals the number of intersection of Y ’s, and hence 0 ≤ kα,P .
To get the above claimed bounds for l, we determine which of the Ep,q2 term in (6.2) vanishes.
Notice that there is a Milnor fibration for each link pair (S2n−2kα,P+1,K2n−2kα,P−1),
Fkα,P →֒ S \K → S
1
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where F is the Milnor fiber. By [23], Theorem 5.1, Fkα,P has the homotopy type of a CW-complex of
dimension n− kα,P . Thus, we only look at those l − 1 in the range
0 ≤ l − 1 ≤ n− kα,P
Furthermore, Hm(ZP,Qα ;−) is nontrivial only when 0 ≤ m ≤ 2kα,P , because Z
P,Q
α ⊂ X
kα,P is a
complex kα,P -dimensional manifold.
As a result, we have the following:
• P +m+ l = i
• 0 ≤ i− P − l ≤ 2kα,P
• l − 1 ≥ (i − 1)− 2kα,P − P ≥ (i− 1)− 3kα,P
In conclusion, we have for 0 ≤ i− 1 ≤ n, l − 1 is bounded for all α, by
(i − 1)− 3kα,P ≤ l − 1 ≤ n− kα,P .
By renaming i− 1 by i and l − 1 by l, then for 0 ≤ i ≤ n, we have
i− 3kα,P ≤ l ≤ n− kα,P .
Now we apply the Lefschetz hyperplane theorem (cf.[21]).
Let 1 ≤ i = n − j ≤ n be fixed. Let L ∼= CPn−j+1 be a generic codimension j linear subspace of
CP
n+1. By transversality,W = V ∩L is a (n−j) dimensional, degree d, reduced hypersurface in L, and is
transversal to the hyperplane at infinity H ∩L. Also, the pair (L,W ) has Whitney stratification induced
from the pair (CPn+1, V ) with strata of the form S ∩ L where S is a stratum of the pair (CPn+1, V ).
Applying Lefschetz hyperplane theorem to U and L, U ∩ L → U is an (n − j + 1)-equivalence. The
homotopy type of U is obtained from U ∩ L by adding cells of dimension greater than n− j + 1.
Therefore, we have isomorphisms as F[t±1]-modules, for i ≤ n− j,
Hε,ρi (U ∩ L)→ H
ε,ρ
i (U).
Thus, ∆ε,ρ,Wn−k (t) = ∆
ε,ρ,V
n−k (t). Note that ∆
ε,ρ,W
n−j (t) is the top polynomial of W as a hypersurface
in L ∼= CPn−j+1. Then by lemma 6.1, the prime factors of ∆
ε,ρ,W
n−j (t) are among those of the local
polynomials ξε,ρr,l of link pair of the strata S ∩ L ⊂ V1 ∩ L with:
0 ≤ r = dim(S ∩ L) ≤ n− j
and
(6.3) (n− j)− 3r ≤ l ≤ (n− j)− r.
The link pair of S ∩L is the same as that of S in (CPn+1, V ). Reindexing r = k− j with k = dim(S),
k = r + j = r + n− i ≥ n− i.
By substituting j = n− i and r = k− j = k+ i− n, the right-hand side of 6.3 becomes n− k and the
left-hand is calculated as follows:
n− (n− i)− 3(k + i− n) = n− n+ i− 3k − 3i+ 3n = 3n− 3k − 2i.
7. Obstructions of twisted Alexander polynomials using Perverse sheaves
In this section, we prove that twisted Alexander polynomials of hypersurface complements have the
same obstruction as ∆lk#,ρ1 for curve complements. The first idea is to use section 4.3 and analyze
Hρi (TH ,F[t
±1]) using a Mayer-Vietoris spectral sequence. The second idea is to augment a proof appearing
in p.556-557 in [6], which is short and neat. Both approaches require calculations of local (co)homology
on H .
Let γ∞ be a loop at infinity of U ,a meridian around H with homology class ν∞ satisfying
d1ν1 + d2ν2...+ drνr = −ν∞,
where di is the degree of the component Vi.
Note that γ∞ is analogous to the x
−1
0 mentioned in the section on curve complements.
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Theorem 7.1. Let ρ be a representation. If λ ∈ C∗ and λd is not an eigenvalue of ρ(γ∞), then λ cannot
be a root of ∆ρi , for i ≤ n.
Proof. Let Lλ be the local system on U defined by the map π1(U) → H1(U) → C
∗ sending νi to λ and
hence γ∞ to λ
−d. By the twisted Milnor long exact sequence of section 4.4, it is enough to show that for
i 6= n+ 1,
Hi(U,Lλ ⊗ Vρ) = 0.
Equivalently, we show that for i 6= n+ 1, Hi(U,Lλ ⊗ Vρ) = 0.
Let i : U →֒ Cn+1 and j : Cn+1 →֒ CPn+1. Note that F = Ri∗(Lλ ⊗ Vρ[n+ 1]) ∈ Perv(U).
Define G by the distinguished triangle Rj!F → Rj∗F → G.
By P.214 in [7], this theorem will follow if G = 0. So, we aim to show that the local cohomology groups
of Rj∗F vanish at all points in H . The local link pair of a point on H \ V is (S
1, φ). The associated
chain complex for local cohomology is
0→ Cr
λ−dM−Ir−−−−−−→ Cr → 0.
By hypothesis, λ−dM − Ir has full rank and hence the cohomologies vanish.
For points in H ∩ V , by transversality, the local link complements are homotopy equivalent to the
product of S1 and some link complements S \ L in V . Therefore, by the Ku¨nneth theorem, the local
cohomology is the tensor product of the local cohomology of S \L and that of S1. So they all vanish by
the previous argument.

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